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Abstract 
An inter-system iteration solution for the vehicle-bridge coupling model is studied, in which the iteration within time step is
avoided. The solution consists of two steps. At the first step, the bridge subsystem is assumed rigid, the vehicle motion and 
wheel-rail force are solved by the independent vehicle subsystem, and the bridge motion is obtained by putting the wheel-rail 
force to the independent bridge subsystem. At the second step, the vehicle motion and the wheel-rail force are modified by the 
calculated bridge motion. As a case, the calculation process and the results of 30t heavy load cargo train traversing a 
70+3×120+70m continuous frame bridge are studied, and the numerical calculation technology for solving the interacted system 
and its convergence characteristics is discussed.  
© 2010 Published by Elsevier Ltd. 
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1. Introduction 
After a rapid development of the high-speed railway, the heavy-load railway is starting to be paid more attention 
in recent years. According to the previous studies [1, 2], when the heavy-load cargo train transverses the bridge, 
especially for the bridge with high piers or small railway curve radius, the dynamic response is quite large for both 
the vehicle subsystem and the bridge subsystem. Thus it is important to establish a vehicle-bridge interaction model 
and predict the dynamics response of them. 
The heavy-load railway has the following unique characteristics: (1) the cargo vehicle has a structure different 
from that of the locomotive and the passenger vehicle [1]; (2) the lateral wheel-rail relation with more accuracy 
needs to be defined for the heavy load train, in order to describe the detail of the contact force; (3) the centrifugal 
force of vehicle plays more important role and must be considered; and (4) the convergent capability may be poor 
for certain case with specific vehicle suspension system, thus the numerical solving method must be steady [2, 3]. 
The paper focuses on the numerical calculation method of vehicle-bridge interaction system, in which the model 
of cargo vehicle with 9 DOFs is developed; the simplified Kalker Creep Theory is adopted in the lateral wheel-rail 
interacted forces; the centrifugal force is put on the vehicle car body and the wheel set as an external force and the 
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coupling equations of the vehicle-bridge system are solved by the whole-procedure iteration to obtain the easy-to-
convergent dynamic results. 
2. Vehicle-bridge interaction system model 
The vehicle-bridge interaction system is composed of the vehicle subsystem and the bridge subsystem. The two 
subsystems are linked by the wheel-rail force definition; the system is excited by the track irregularities. The 
numerical iteration calculation method is further discussed. 
2.1. Vehicle subsystem 
The train is regarded as several independent vehicle elements with the same speed and interaction among the 
vehicle elements is ignored. Thus the vehicle-bridge coupling system consists of a bridge subsystem and several 
vehicle elements. The motion equations of a vehicle element are expressed as: 
V V V V V V V  M X C X K X P                                                                                                                        (1) 
where MV, CV, KV and PV are the mass matrix, damping matrix, stiffness matrix and force vector of the vehicle, 
respectively. As an example, the model of a vehicle consists of two suspension systems and four wheel sets, as 
shown in Fig. 1. 
The vehicle element is composed of one car body, two bogies, four or six wheel-sets and the spring-damping 
suspension system between the components. The connection between a bogie and its wheel-sets are characterized by 
the first suspension system, which consists of springs and dampers with identical properties. The connection 
between the car body and the bogies are characterized by the second suspension system, which consists of springs 
and dampers with identical properties. Each car body or bogie has 5 DOFs in directions of Y, Z, RX, RY and RZ, each 
wheel-set has 1 DOF in direction Y.
The motion equations of an individual vehicle element are discussed in the rest part of this section. The mass, 
damping and stiffness matrices can be derived by the Lagrange Equation, see [4]. 
2.2. Bridge subsystem 
The motion equations of the bridge subsystem are expressed as: 
BBBBBBB FXKXCXM                                                                                                                               (2)
where MB, CB, KB and FB are the global mass, damping and stiffness matrices and the force vector of the bridge 
subsystem, respectively. The former three ones can be obtained by the finite element method or the superposition 
method, the force vector FB is the function of the relative wheel-track motion and the track irregularities. 
By the superposition method, the equations of motion for the bridge subsystem can be expressed as: 
BPPP FXXX
T22                                                                                                                              (3) 
where XP is the normal coordinates of the bridge system;  is the damping ratio matrix; is the circular frequency 
matrix; and is the modal matrix, which is orthonormal relative to the mass matrix 
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Fig. 1. Vehicle model 
2.3. Track irregularities 
The rail irregularity reflects the relative displacement between the wheel and rail. It can cause additional velocity 
and acceleration, which can be expressed in a differential form: 
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where E is the relative displacement between the wheel and rail; and V is the train speed. 
2.4. Wheel-rail forces 
The force vector PV in Eq. (1) contains the force acting on the bogies in directions Z, RX, RY; and the force 
acting on the wheel-sets in direction of Y, which can be obtained by the equilibrium condition of wheel-sets, see Fig. 
2. For a vehicle element with 4 wheel-sets, the vertical displacements at Point 1, 2, 3 and 4, z1, z2, z3 and z4, are: 
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where ZJ, RXJ and RYJ are the bogie displacement in direction Z, RX and RY, respectively; i=1 for the front wheel-set 
and i -1 for the rear one; 2b1 is the lateral distance between the spring/damper in the first suspension system. 
In Fig. 2, the bogie-wheel vertical interaction forces P1 and P2, the wheel-track vertical interaction forces P3 and 
P4 are expressed as: 
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where g0 is the rail gauge, G (in Fig. 2) is the static wheel load, m0 and IX0 are the mass and X-inertia of wheel-set, ZI
and RXI are the vertical and torsional track irregularities additional displacements. 
Fig. 2. Wheel-rail interaction force 
The wheel-rail lateral interaction relation has to be considered. The wheel-track lateral interaction force P5 is 
defined by the Kalker Creep Theory [2], expressed as: 
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where YW is the wheel-set displacement in direction of Y, YIL and YIR are the track irregularities of left and right rail, 
and YI is the lateral track irregularities additional displacement, f22 is the lateral creep coefficient. 
The coefficient f22 is a function of the wheel-rail normal contact force and the wheel/rail curvature radius at the 
contact point. In order to make the calculation easier, it is assumed: (1) the wheel-rail normal contact force can be 
taken as the static wheel load [5]; and (2) the wheel-rail contact point is in a cone surface for the wheel and in a 
cylindrical surface with 300mm radius for the rail [6]. Thus the coefficient f22 can be considered as a constant for 
certain vehicle element. 
Thus the motion equations of a vehicle element, Eq. (1), can be transformed as: 
VVVVCVVV FXKXCCXM   )(                                                                                                                (9) 
where CC is the additional damping matrix due to the creep effect between wheel and track and FV can be obtained 
by summing the forces on the bogies and wheel-sets, see [7]. 
2.5. Numerical iteration method 
The motion equations of the vehicle-bridge coupling system can be expressed by the simultaneous equations of 
Eq. (2) or Eq. (3) and Eq. (9), considering the case of m vehicle elements: 
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Fig. 3. Wheel-rail interaction force 
The above equations can be solved by inter-system iteration. The iteration process is shown in Fig. 3. In the first 
step, Eq. (10) is divided into 2 parts: the first m equations for the vehicles and the last equation for the bridge. 
Although the right terms of the vehicle, FV1, FV2, … , FVm are functions of XB, the vehicle equations still can be 
solved by assuming XB=0. Then the force vector FB is known by calculated XV1, XV2, … , XVm, and the bridge 
equations can be solved. In the subsequent step, the calculated bridge motion XB is adopted to solve the vehicle 
equations instead of XB=0 and the rest process are similar. The process is complete when the bridge global 
deformation envelopes are close enough in the successive steps. 
3. Case study 
The case of the 30t cargo train (2SS3+40*30t cargo vehicle) traverse the Weifenhe Bridge, a 70+3×120+70m 
continuous frame bridge in Lüliang-Linxian Railway, is studied in this section, in which the train speed range is 80-
120km/h; the damping ratio is 2% and the time step is 0.01s. The American track irregularity spectrum (Grade 5) is 
chosen as the system exciter. 
The bridge is a double-bound and in a curve, with the radius of 800m. The maximum and minimum heights of 
bridge beam are 9.5m and 5.5m respectively. The 6 piers of the bridge are quite high, which are 10.5m, 43m, 90m, 
86.5m, 73m and 61.5m. The bridge FEM model is shown in Fig. 4. The first 10 modes of bridge are listed in Table 1 
and the main parameters of train are listed in Table 2. 
Table 1. Main parameters of train 
Items SS3 Cargo vehicle 
Length (m) 21.416 13.295 
Number of wheel sets 6 4 
Axis weight (kN) 230 300 
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Table 2. Main parameters of train 
No. Freq. (Hz) Modes 
1 0.381 Longitudinal movement 
2 0.608 Beam-pier lateral movement, 1st order 
3 0.706 Beam-pier lateral movement, 2nd order 
4 0.940 Beam-pier lateral movement, 3rd order 
5 1.180 Beam-pier lateral movement, 4th order 
6 1.306 Beam vertical movement, 1st order 
7 1.329 5# pier longitudinal movement 
8 1.425 Beam vertical movement, 2nd order 
9 1.449 Beam-pier lateral movement, 5th order 
10 1.713 Beam-pier lateral movement, 6th  order 
Fig. 4. Bridge FEM model 
(a)  (b) 
Fig. 5. (a) Bridge mid span vertical displacement; (b) Bridge mid span lateral displacement 
(a)  (b)  
Fig. 6. (a) Bridge mid span vertical acceleration; (b) Bridge mid span lateral acceleration 
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(a)  (b)  
Fig. 7. (a) Cargo vehicle vertical acceleration; (b) Cargo vehicle lateral acceleration 
The lateral centrifugal force is put on the car bodies, the bogies and the wheel sets of the vehicles by assuming 
the train runs in a constant speed. In order to study the convergent characteristics, 12 steps of iteration are carried 
out, which shows very good convergent results.  
By the information of the bridge, the vehicle and the track irregularities, the response of the interacted system can 
be solved, as shown in Table 3. As typical histories, the vertical and lateral mid span displacement, mid span 
acceleration and cargo vehicle acceleration are shown in Fig. 5 to Fig. 7. 
It can be found from the calculated result that the bridge vertical displacement and vertical acceleration differs 
very little when the train speed changes, which shows there’s no obvious vertical dynamic effect occurs for the case 
studied; while the lateral displacement and the vertical/lateral accelerations the locomotive and cargo vehicle 
vertical/lateral accelerations are increased with the train speed. For locomotives, the correlation of train speed and 
car body acceleration is weak, but for the cargo vehicle, the vertical acceleration increases, while the lateral 
acceleration decreases with the train speed in the range of 80-120 km/h. 
Table 3. Vehicle-bridge response 
Mid span Second side span Side span Locomotive Cargo Vehicle
Disp. (mm) Acc. (m/s2) Disp. (mm) Acc. (m/s2) Disp. (mm) Acc. (m/s2) Acc. (m/s2) Acc. (m/s2)
Speed
(km/h) 
Ver. Lat. Ver. Lat. Ver. Lat. Ver. Lat. Ver. Lat. Ver. Lat. Ver. Lat. Ver. Lat. 
80 6.68 1.03 0.07 0.09 18.18 1.22 0.11 0.05 13.25 1.56 0.13 0.05 0.97  0.23  0.69 1.00 
90 6.75 0.74 0.10 0.07 18.13 1.34 0.13 0.06 13.89 1.67 0.16 0.07 0.97  0.30  0.91 1.05 
100 6.79 0.69 0.08 0.07 17.96 1.83 0.13 0.09 13.49 2.48 0.09 0.15 0.79  0.33  1.31 0.72 
110 6.84 0.69 0.10 0.07 18.09 2.92 0.10 0.12 13.22 3.28 0.11 0.13 0.75  0.28  1.57 0.59 
120 6.90 0.64 0.12 0.05 18.40 3.69 0.13 0.13 13.08 4.74 0.11 0.16 0.74  0.27  1.87 0.55 
4. Conclusion 
The following conclusions can be summarized from the theoretical formulation and numerical studies conducted 
in this paper: 
(1) The dynamic analytical model of the heavy load vehicle-bridge interaction and the computer simulation 
method is adopted. The model of the vehicle subsystem and bridge subsystem are established by rigid-body 
dynamics and finite element method respectively; the vertical corresponding assumption and the simplified linear 
lateral Kalker creep theory is adopted in calculation. The vertical and lateral track irregularity is taken as the system 
exciter.
(2) A whole procedure iteration method is proposed. At the first step, the bridge subsystem is assumed rigid, the 
vehicle motion and wheel-rail force are solved by the independent vehicle subsystem, and the bridge motion is 
obtained by putting the wheel-rail force to the independent bridge subsystem. At the second step, the vehicle motion 
and the wheel-rail force are modified by the calculated bridge motion. 
(3) For the case studied, there’s no obvious vertical dynamic effect occurs; while the lateral displacement and the 
vertical/lateral accelerations of the locomotive and cargo vehicles increase with the train speed. 
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(4) For locomotives, the correlation of train speed and car body acceleration is weak, but for the cargo vehicle, 
the vertical acceleration increases, while the lateral acceleration decreases with the train speed in the range of 80-
120 km/h. 
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